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ABSTRACT
Let A be the class of normalized analytic functions in the unit disk A and
define the class

Pg = {f € Al Ja € R| Re{e**(f'(2) —B)} >0, 2 € A}.

For a function f € A the Alexander transform Fy is given by

1
Fy(z) = /0 '—f(—:z—)-dt.

Our main object is to establish a sharp relation between 3 and « such that
f € Pg implies that Fyp is starlike of order v, 0 < v < 1/2. A corresponding
result for the Libera transform Fj(z) =2 fol f(tz)dt is also given.

1. Introduction and main results

Let A be the class of analytic functions in the unit disk A with the normalization
f(0) = f'(0) — 1 = 0. Define the classes

Ps ={f € Al Ja € R| Re{e*(f'(z) —B)} >0, z€ A}
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and

Pl={fc A Refl(z) > B, z€ A}.
For a function f € A we define the integral transform

1

(1.1) F(2)=(c+1) /tc_lf(tz)dt, c> -1,

0

often called the Bernardi transform. Denote by K, S5 and S the subclasses
of A containing functions that are convex, starlike of order v and univalent,
respectively. A classical question is how the integral transform (1.1) acts on
such properties as univalence and starlikeness. A very old result by Alexander
[1] states that f € S < Fy € K, and much later Libera [7] proved that
f €8 = Fi € §;. On the other hand, it is known that there is a function in
S whose Alexander transform (¢ = 0 in (1.1)) is not univalent [6], and the same
is true for the Libera transform (¢ = 1) [3]. The condition Re f’(z) > 0 implies
univalence, but not starlikeness, as shown by an example in [5]. Therefore P§ is
a subclass of S not containing the starlike functions. However, Singh and Singh
[17] proved that the Alexander transform of a function in P is starlike, a result
which later [18] was improved by the same authors to

f€P91/4:>F0 ESS

We will work with the following problem. Find the smallest 8 = S(¢,«y) such
that
fEPg=F. €8]

A number of authors have worked on this problem in various settings, and some
non-sharp results can be found in e.g. [2, 8, 9, 10, 11, 12, 13]. For v = 0 and
—1 < ¢ € 2, the problem was solved by Fournier and Ruscheweyh [4] who found,
e.g., the sharp value 3(0,0) = 1 — (2 — 2log2)~! = —0.629... . Note that the
problem is stated in the larger class Pg instead of ’Pg, which mostly has been the
subject of earlier studies, but from our results it turns out that the same value of
B is sharp both in the smaller and the larger class. We prove the following main
theorem.

THEOREM 1.1: Let ¢ > —1 and 8 = B(c,v) be defined by

B
1-8

(1.2) =—(c+1)

1
/tc 1+’y (L=v)t 2y log(l+1) dt
YA+t) 1—-v ¢ ’
0



Vol. 114, 1999 INTEGRAL TRANSFORMS 179

Let
1

Fo(2) = (c+1) /tc‘lf(tz)dt.
0
For f € Pg we have

F.eS),, 0<v<1/2, when —1<c<0
and
F.eS8;, 0<vy<1/4, when0<c<l.

For ¢ and v given, the value of 8 in (1.2) is sharp, and the extremal function is

o0

f2)=z+20-p)) 2*/keP).

k=2

The values ¢ = 0 and ¢ = 1 correspond to the most interesting special cases of
(1.1), the Alexander and Libera transforms, and therefore we state these results
separately with the value of 3 explicitly given.

COROLLARY 1.2: Let 8 < 1 and 0 <y < 1/2 be related by

By =1 -7
(13) A=pm=1 2(1 —v) — 2log2 + yn2/6°
Then .
fePﬁ:Fo(z)=/f(§z)dtes;.
0

The value of 8 in (1.3) is sharp.

We remark that the sharp value of § that is now available from Corollary 1.2
improves several results in [15], but we will not include these improvements here.

COROLLARY 1.3: Let 8 <1 and 0 <~y < 1/4 be related by

B =1 — -7
(14) B=p0)=1 (44 8y)log2 — (2+67)°
Then

1
f e Psg=> Fi(z) :2/f(tz)dt68;.
0

The value of § in (1.4) is sharp.
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Remarks: The class 57/, is particularly interesting because of the inclusion chain
K C 8/; €85 C S, and because S7, is the smallest class of functions starlike
of order « that contains K. From Corollary 1.2 we get that for

1
= —0.1463...
2—-4log2+72/6 63

(1.5) B=p(1/2)=1-

we have
feEPs=Fy ESi’/z.

With 8 = 3(1/2) from (1.5) the class Pg will contain non-univalent functions,
in particular functions that are not starlike. For such functions the Alexander
transform will not give a convex function, but as we have seen, it will give a
function that is starlike of order 1/2. This result can therefore be used to generate
functions that are in S} /2 but not in K.

Proof of the theorem: Let

z (1 + %—g;—lz)
(1.6) hy(z) = BT 0<y<1, |z{=1

Using duality theory for convolutions (see [16]) one can prove that for f € Ps we
have F; € S if and only if

1
h(tz2) 1—~(1+1¢)
(L.7) O/AC(t) <Re P (1-7)1+ t)2> 420, zeh,
where
[ e(1=t9), e>-1,c#0,
(1.8) Ad(t) = { el oo

and S is defined as in (1.2) [14, Corollary 2.2]. The proof of this equivalence rests
upon two basic facts. First, it is so that

F h .

Fes*@ﬁ*—ﬁgéo, z €A,
v z 2

where h., is as in (1.6) and * denotes the Hadamard product (convolution).
Second, our functions F, are obtained as linear integral transforms of functions
in Pg, and the class Pg is well suited for the duality theory because we can find
simple test functions for this class. Using the Duality Principle the problem of
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showing starlikeness of F,, can now be reduced to showing the inequality (1.7). In
Lemma 2.1 we show that (1.7) indeed holds for all v € [0,1/2] when —1 < ¢ <0,
and in Lemma 2.2 we show that it holds for all v € {0, 1/4] when 0 < ¢ < 1. For
further details about this proof, and the duality theory in general, we refer to
(4, 14, 16].

To prove sharpness, let f(z) = z +2(1 — 8) Y7o, 2¥/k. Then f'(z) maps A
onto the halfplane Rew > 3, and F.(2) = z+2(1 = B)c+1) Y hr, 2*/(k(c+k)).
The integral in (1.2) can be explicitly calculated, and doing that we get

19) 1= |k + CEEED (4 (1) (g))]_l ,

where ¥(z) = I'"(z)/I'(z) and

29¢(c+ 1) log 2 — 2y(c + 1) — 2¢(1 + vc)

K e) = (1—7)c?

Writing

8

1 & k
:EZZ( c+k> c#0,

k=2

and using the two sums

® 1)k
Z(]:) =1-log2

Y (e () )

together with (1.9), we get after some calculation that for z = —1 the expression
2Fl(2)/Fc(z), ¢ # 0, takes the value 7. The case ¢ = 0 can be handled separately,
giving the same result. |}

and

2. Three lemmas

LEMMA 2.1: Let 0 <y <1/2 and

(2.1) /lAc(t) (Re Mtz)  1=o(1+1) 2) dt>0
0
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for all z € A and all ¢ € (—1,0].

Proof: The proof follows much the same lines as the proof of Theorem 2.3 in
[14]. Assume first that ¢ = 0, i.e. Ag(t) = log(1/t). When convenient we choose
to write h(z) in the form

1 z o 2 vy 22
~ T
Mz) 1+iT[(1—z)2+l l—z+1—7(1—z)2]’

T € R. Then we get

h(tz) T 1 1 T 1
R = R I
Tt Re{1+z'T1—tz}+1+T2 A2 T+ “1-i2)
y 1 tz T tz
2.2 R I
(22) +1—7[1+T2 e(1—tz)2+1-}-T2 m(l—tz)Q]

—Uy +Us + Us + T};(U4 +Us).

Our first task is to prove that the left hand side of (2.1) is bounded from below.
When this is established we can restrict the investigation of (2.1) to |z| = 1,
z # 1, because of the minimum principle for harmonic functions. In [4] it is
proved that | [ log(1/t)Uidt| < oo, i = 1,3, and that [ log(1/t)Uzdt > 0, so we
only need to look at fol log(1/t)U;dt for i = 4,5. Let

1

z/ tlogt :%[log(l_z)JrLiz(z)],
0]

where Liy(2) = Yo 2% /k%. To prove that fo log(1/t)U;dt for i = 4,5 is bounded
from below 1t is enough to prove that Re G(z) and Im G(z) both are bounded
from above. We get

e

= 1
ReG(z) < Reflog(1 — 2)/z] + §7§€—10g2

and

&0 2
m G(2) < Tmflog(1 — 2)/2] + 3 15 < 5+ -
k=1

8o

From now on we can assume z = € in (2.1). Minimizing with respect to T
(or z) we get

h{tz) 1 2—-2v+ (2y - 1)tz t
> -
R 2 3-2y (Re (1—tz)2 11—tz
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80 we have to prove

1

1 2—2v+ {2y - Dtz t 2-2v(1+1¢)
2.3 log > |R - - dt >0
(23) /°gt[e G-6F p-ef  a+pr |7

for z = €Y. We see that we have equality in (2.3) for z = —1. With y = cos§
we can now write the integral in (2.3) in the following form, after pulling out a
factor 1+ v,
1
1
O = [ t1og H41(0,0) - 2y )i
0

where
3—4(1+y)t + 204y — D + 4y - D~ t*

Ai(y,t) = (142 — 2yt)2(1 + t)?

and
1-1¢

As(y,t) = I+ —2yt)(1+1)

Now we write

o
HY(y ZH (1+9)* |1+y <2
k=0

A calculation shows that H ,gﬂ is a positive multiple of

1
1
(2.4) 1 = [1og () - 2run(o)a
0
where
(k + 3)tFt! k-1,
2. =7 _ -
(2.5) sk(t) (15 1)z 1 2t+k+3t
and
tk+1 9

Clearly H,(:) > H(l/2 = Hy, so (2.3) follows if we can prove that Hy > 0,
k=0,1,2,... .We now get

2.7)

1
/1 [ (k + 2)tF+l — 2(k + 3)th+2 4 etk +3 it
1
J (

+ t)2k+4

=(k+2)J — 2k + 3)78) + k{0,
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where

L

1 thtn
k) — -
An integration by parts in (2.8) shows that we can write
k+n 1 k
(2.9) J) = mJ,ﬂjl - mlﬁlll, k+3>mn,
where
(k 1 tk+n
(2.10) e / el
0

From [14] we have the recursion formula for 1t

-1 k
@11) I = LI (ORI S

R P S oS B s panl S
and by applying (2.9) and (2.11), the expression (2.7) reduces to

k% +2k+3 2(k — 1)

®) _9® k>
k(k +1)222%+2 © k(k + )I ot k2L

H, =

The change of variable tu = 1 in I(g and J0 yields
I(gk) _ /°° ubtldy and J(k) _ /°° logu u’“+2du.
1 (1 + u)2k+3 1 (1 + u)2k+4

From (2.7) we get directly that Hy = 1/6 — (log2)/6 > 0, and now the conclusion
in the case ¢ = 0 follows from Lemma 2.3.

To handle the ¢ < 0 case, we observe that si(t) — 2yux(t) has exactly one zero
n (0,1). Denote this zero by t. Let
Ac(te)Ao(t)

Alts)
with A.(¢) as in (1.8). It is easily seen that for —1 < ¢ < 0 the function
Ac(t)/Ao(t) is decreasing on (0,1). Therefore ®(¢) and si(t) — 2yuk(t) have the
same sign for every t € (0,1), which implies that

®(t) = Aclt) -

0< / B(t) (s (t) — 2yue(t))dt

1

Ac (tk)
Awwzmwwm“”wmm.

From this, the result for ¢ < 0 follows immediately. a

1
/Ac — 2yug(t))dt —
0
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LEMMA 2.2: Let 0 < vy <1/4 and

hz) = 2 (1 + %z) S =22, o] = 1.

Then, with A.(t) as in (1.8),

/ htz)  1—(1+8)
(2.12) Aolt) (Re ME2) dt >0

for all z € A and all ¢ € (0,1].

Proof: The proof is similar to that of Lemma 2.1. Assume first that ¢ = 1. We
will start by proving that the left hand side of (2.12) is bounded from below,
which means that we have to look at fol (1 —t)U;dt for i = 4,5 where U; is as in
(2.2). We define the function

which can be written

(z~2)log(l — 2) — 22
z? |

G(z) =

It is easily verified that the real and imaginary part of this function are both
bounded from below, which is exactly what we wanted to prove.

The same reasoning as in the previous proof gives the numbers corresponding

to (2.4),
1

HY = ./U—ﬂﬁdﬂ—?wdﬁﬁ

0

with s, and ug as in (2.5) and (2.6). Again we have H,(c” > H,(Cl/4) = Hj, and
we get

dt

1
Hy :/(1 —t) (k+ SR+t — 2(k + 3)th+2 + (k — 1)tk+3
(1 .|.t)2k+4
0

1
=(k+ 2 MW 20k + 357 + (k- )15,
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where IS is as in (2.10). Using the recursion formula (2.11) we get

T+k A%
H. = — 1 k=2,3,....
ES DRk D2 (b= k(e 1) 1 3,

The value of I fk) can be given explicitly as
1 = V(3 + k)
242+ KIS + k)
and we see that Hy > 0, k > 2, if and only if
47+ k)T (2 +k)

“= mrom AR o F2E
Using I'(k + 1) = kI'(k) we find
Qk+1 _ (8 + k)(5+ 2k)(7 + 3k) - 3k(1+k) o1
Qr 2(10 + 3k)(2+ k)(7 + k) 210+ 3k)(2+ k)(T+ k)
Therefore gx+1 > qi and since go = %, we are done. Direct computation gives
Hy= w-% = 0.009348. and H; = 41123 ;l 0g2 = 0.001343...

so the proof is complete in the ¢ = 1 case. For ¢ € (0, 1), we copy the argument
from the proof of Lemma 2.1, with the only difference that we now use that the
function A.(t)/A1(¢) is decreasing on (0, 1) for ¢ € (0, 1). |

The only thing that now remains is to prove that the sequence hy presented

at the end of the proof of Lemma 2.1 is positive. This is the content of the next
lemma.

LEMMA 2.3: Define

(o]

[e o}
o K +2k+3 —1 / /logu k+2
k‘k(k+1)222k+3 k( +1) 1+u2k+3 1+u2k+4
1

1

Then hy >0 fork=1,2,....

Proof: We rewrite the second integral in the form
% (] k+2 o} 1 —{2k+3)
/ (loguju™™> du :/ (log u)ur*+2d Qw7
1 (14 u)?k+s ) 2k+3
_ 1 (log u)uk+2\*
T 2k+3\(14+u)3 ),

(1 4 )~ (2k+3) LFH oz w)uf 1 du
+/1 (———){ + (k +2)(log w)u**t} d

2k+3
_ 1 /°° ukt1 du+ k+2 /°° (logu)ukHd
%43/, T+t ok13), T+ure
=L+ Ly.
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We now write hy = Ly + Ly — L3 — L4, where

Ly Ly=(2~1 ! /00 LA
2T \k(k+1) 2%+3) ), (1+u)s

k?—3 o gktl d
_kﬂer@k+3)A 1+ u)Zrs

showing that Lo — Ls > 0 for all k = 2,3,.... One can directly verify that h; > 0
and therefore, to complete the proof, it suffices to show that L — Ly > 0 for all
k > 2. Using the change of variable u = €%, we find that

k + 2 o xe(k+2)z k + 2 oo IECI/Q
Ly = dr = dz
243 Jo (1+e7)2h+8 % +3 )y (e-o/2 4 es/2)2kts
k+2 o0 I/2+e—z/2) o kio [ - ,
2k +3 Jo ﬁw/2 + e/2)2k+3 T = 2k+3 [y (e=%/2 + ex/2)2k+2 z
k+2 00 I/2 «1/2)
i < &2 _ gmu/2
_2k+3/0 (e—=/2 ex/2)2k+2dm (since z < e e=%/?)
2(k+2) RN
k13 /2 y2k+2 (with y = e™%/% 4 €%%)

2(k + 2) *© (k+2) 1
T2k +3 \ (2T 3 2%¥3 ) T (2k + 3)2 22K43°
Now
2(k+2) 1
(2k + 3)2 22k+3

because, by the definition of Ly, the above inequality is equivalent to

< Iy

2(k +2) - k*+2k+3
(2k+3)2  k(k+1)2

which clearly holds for all k. 1
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